Abstract. We give a necessary and sufficient condition for the existence of the enveloping action of a partial action on a C*-algebra. The construction of the enveloping action is first performed in a purely algebraic context to explore the possibility of extending the result to general algebras.
Introduction
At the set theoretic level a partial action α of a group G on a set X is a pair α = ({α t } t∈G , {X t } t∈G ) such that: α t : X t −1 → X t is a bijection; X e = X; α e is the identity on X; α t (X t −1 ∩X s ) = X t ∩X ts ; and the restriction of α st to X t −1 s −1 ∩X t −1 is α s • α t . The action is global if X t = X for every t ∈ G.
If β is a partial action of G on a set Y, a morphism φ : α → β is a function φ : X → Y such that φ(X t ) ⊂ Y t and β t • φ = φ • α t . The restriction of β to the set Z ⊂ Y is the partial action γ such that γ t is the restriction of β t to Z t := Z ∩ Y t .
An enveloping pair of α is a pair (µ, β) such that β is a global action of G on a set Y, µ is an isomorphism from α to the restriction of β to µ(X) and ∪{β t (µ(X) : t ∈ G} = Y ; β is called an enveloping action and Y an enveloping space. Two enveloping pairs of α, (µ, β) and (ν, γ), are isomorphic (as enveloping pairs) if there exists an isomorphism φ : β → γ such that φµ = ν.
In [1] F. Abadie proves that every partial action has an enveloping pair which is unique up to isomorphism. Moreover, this is also true in the context of continuous partial actions on topological spaces. But the topological properties of the enveloping space may be different form those of the original space. For example, if the original space is locally compact and Hausdorff (LCH) the enveloping space may not be. This fact is related to the existence of enveloping pairs in the context of commutative C*-algebras [1] .
A partial action α of the group G on the algebra A is a set theoretic partial action such that every A t is an ideal of A and α t is an homomorphism (multiplicative and linear). A morphism of partial action on algebras is a morphism of actions which is also a homomorphism. A pair (µ, β) is an enveloping pair of α if µ is an isomorphism from α to the restriction of β to the ideal µ(A) and β[µ(A)] := span{β t (µ(A)) : t ∈ G} = B, here B is the algebra where β acts. Two globalizations are isomorphic if they are isomorphic as set theoretic partial actions through a morphism of algebras. Dokuchaev and Exel [2] gave a necessary and sufficient condition for the existence of an essentially unique enveloping pair for partial actions on unital algebras. But the non unital case is still open and it is not known it enveloping pairs are unique up to isomorphisms.
In the context of C*-algebras the definition of (C*-)partial action are almost the same as in the algebraic situation. We require the morphism to be * −preserving, the ideals closed and we say (µ, β) is a C*-enveloping pair of α if µ is an isomorphisms from α to the restriction of β to the ideal µ(A) and β[µ(A)] is dense in B. In case G is a LCH topological group, to say α is a partial action of G on A we also require the continuity of
We will not make any assumption about the continuity of the family of ideals of α because that is a necessary condition for the existence of an enveloping pair.
The uniqueness of enveloping pairs, up to isomorphisms, was proved by F. Abadie in [1] , where he also gives a criterion to determine the existence of enveloping actions for partial action on commutative C*-algebras. The result of Dokuchaev and Exel mentioned before is valid in this context, this can be proved making minor modifications to their construction of the enveloping action. We will obtain this (Corollary 2.7) as a consequence of our main theorem.
The aim of this work is to give a necessary and sufficient condition for the existence of enveloping actions of partial actions of LCH groups on C*-algebras, this is done in the last section of this article. In the first part we deal with those computations that do not involve *-topological arguments, so we work with partial action on algebras and we will make some assumptions that clearly hold in the C*-algebraic framework.
1. Partial action on algebras 1.1. Algebraic notation. As the reader will note, most of the definitions we are going to use are modifications of the ones that appear in [1] and [2] .
The letters A and B will represent k−algebras and I an ideal (always bilateral). The intersection of the left and right annihilator of I in A is the set
The annihilator of A is Ann(A) := Ann(A, A).
For the multiplier m = (L, R) we will use the notation ma := L(a) and am := R(a).
The multiplier algebra of A, denoted M (A), is the set of multipliers of A with coordinate-wise addition and scalar multiplications and the product
For every ideal I of A there is a canonical map φ : A → M (I) where φ(a)j := aj and jφ(a) = ja. It is immediate that Ker(φ) = Ann(I, A). Then, for I = A, φ is injective if and only if Ann(A) = {0}.
1.2.
Construction of an enveloping action. Given a partial action α on an algebra we want to attack two problems. One is to find conditions, on α, that ensure the existence of enveloping pairs and the other is to find conditions that ensure the uniqueness of this pair, up to isomorphisms.
In this section we assume α is a partial action of G on the algebra A and (µ, β) is an enveloping pair of α. The algebra where G acts by means of β will be named B and it will be convenient to say (mu, β) has trivial annihilator if Ann(B) = {0}. To try to solve the first question let's try to describe (µ, β) with structures based on α.
The set of functions from G to A, F (G, A), is a k−algebra with point wise operations. Each element of F (G, B) defines a multiplier of
There is also an inclusion ι :
Proof. As µ is injective b ∈ Ker(π) iff bβ r (µ(a)) = β r (µ(a))b = 0 for every r ∈ G and a ∈ A. That is to say
On the other hand we have a representation of G in the group or automorphisms of
The proofs of the following facts are left to the reader.
Besides, Ad is a global action of G on M (F (G, A)), in other words Ad : G → Aut(M (F (G, A))) is morphism of groups. ′ is the restriction of Ad to π(B). In this situation π, µ ′ and Ad ′ will be called the adjoint morphism, inclusion and action of (µ, β), respectively.
It is clear that µ ′ : α → Ad ′ is a morphism and is natural to ask if the adjoint pair is an enveloping pair, if it is, it should be isomorphic to the original enveloping pair and will be determined by it's adjoin morphism.
Proof. Note that µ ′ (a) = 0 iff µ(a) ∈ Ker(π) = Ann(B). This implies the first claim. The inclusion ⊃ in the second claim is immediate. For the other one take
, which implies what we want to prove.
The idea of representing the enveloping action in the multiplier algebra was suggested to me by F. Abadie. The original construction of the enveloping action, for C*-algebras, was different from the one we exposed here and was based on algebras generated by relations. Having the multiplier algebra M (F (G, A)) to represent enveloping actions simplifies many arguments.
Up to here the situation is quite general and, thinking on C*-algebras, it is natural to think that we are looking for enveloping algebras with trivial annihilator. We get an immediate consequence. Corollary 1.6. If an enveloping pair of a partial action has trivial annihilator then it is isomorphic to it's adjoint pair.
Proof. With the notation of the previous Lemma, µ ′ is injective and
This proves that (µ ′ , Ad ′ ) is an enveloping pair of α. The second claim follows immediately from the fact that π : β → Ad ′ is an isomorphism of actions such that
Now we give a tool to identify isomorphic enveloping pairs. Proof. Take to enveloping pairs of α, (µ, β) and (ν, γ), and call B and C the algebras where β and γ act, respectively. If µ ′ = ν ′ then the adjoint actions will be equal because both will be the restriction of Ad to Ad[µ ′ (A)]. Then (µ, β) is isomorphic to (ν, γ) because both are isomorphic to their enveloping pairs and those pairs are equal.
To prove the direct implication let's assume that ρ : β → γ is an isomorphism such that ρ • µ = ν. Note that µ ′ = ν ′ iff, for every a, b ∈ A and t ∈ G, the following equalities hold:
We prove the first equality, the other is left to the reader.
This concludes the proof.
In some cases this is easy to use.
Corollary 1.8. If α is a partial action of G on the algebra A and Ann(A t ) = {0} for every t ∈ G then there is, at most, one enveloping pair of α with trivial annihilator (up to isomorphism). In particular, this happens when each A t is unital.
Proof. Assume there exists enveloping pair (µ, β) with trivial annihilator. What we are going to do is to show that µ ′ is determined by α. Take a ∈ A, r ∈ G and f ∈ F (G, A) and note that
On the other hand, for every d ∈ A r −1 we have
In a similar way we can prove that
So there is, at most, one adjoint inclusion. The rest follows from Theorem 1.7.
We now want to give a necessary and sufficient condition for the existence of an enveloping pair with trivial annihilator. Of course that this will be quite general and useless in most cases.
The family associated to the enveloping pair (µ, β) is (F t ) t∈G where
Recall that the pair (µ ′ , Ad ′ ) is determined by µ ′ and α. In turn, µ ′ is determined by the family (F t ) t∈G . This motivates the following definition. Definition 1.9. An enveloping family of functions for α is a family of functions (F t ) t∈G such that:
(I) each F t : A × A → A t is linear on both variables and F e is the product of A. (II) for every t ∈ G and a, b, c ∈ A the following equalities hold:
for all s ∈ G and b ∈ A. (VI) a ∈ A t every time that we can find b ∈ A and t ∈ G such that F s (a, c) =
Two families if enveloping function are equal if for every t ∈ G the corresponding function agree.
When working with C*-algebras conditions we have to take into account the involution. But this adds only one equation and we get redundant information, see Lemma 2.4.
With the next result we close this section. It does not give a useful characterization of those partial actions admitting an enveloping pair because the existence of the enveloping action (with trivial annihilator) depends on the existence of a family of enveloping functions. 
For the converse take an enveloping family of functions for α, F = (F t ) t∈G , and set µ : A → M (F (G, A) (F r (f (r), a) ).
The first three condition of Definition 1.9 imply that µ(a) is a multiplier and that µ is multiplicative and linear. The fourth condition implies that µ is injective and the fifth that µ : α → Ad is a morphism. Now let's define B := Ad[µ(A)] (the space generated by the orbit of µ(A)). Clearly, this subspace is Ad invariant. To see show it is an algebra note that the third condition of Definition 1.9 implies
The previous equality implies Bµ(A) ⊂ µ(A). Besides, the same equality together with the fact that µ is a morphism, implies that
Then µ(A)B ⊂ µ(A) and we have that µ(A) is an ideal of B. By the last property of the Definition 1.9 Ad t (µ(A)) ∩ µ(A) = µ(A t ). Now let's prove that Ann(B) = {0}. Assume that i Ad si (µ(a i )) ∈ Ann(B). Multiplying on the right by elements of the form Ad t (µ(b)) we conclude that Ad t ( i µ(F t −1 si (a i , b))) = 0 for all t ∈ G and b ∈ A. As Ad t • µ is injective we have that i F t −1 si (a i , b) = 0 for all t ∈ G and b ∈ A. Now we can say that i Ad si (µ(a i ))f = 0 for all f ∈ F (G, A). On the other hand, to prove that f i Ad si (µ(a i )) = 0 for every f ∈ F (G, A) it is enough to show that i α r −1 si (F s −1 ir (b, a i )) = 0 for all b ∈ A and r ∈ G. As µ : α → Ad is an injective morphism we have that
The last equality is a consequence of the fact that i Ad si (µ(a i )) ∈ Ann(B).
If β is the restriction of Ad to B then we clearly have that (µ, β) is an enveloping pair of α with trivial annihilator and it's family of functions is exactly (F t ) t∈G .
To prove the last claim note that (µ, β) is isomorphic to (ν, γ) iff µ ′ = ν ′ , which is equivalent to the equality of the families of functions.
2.
Partial action on C*-algebras 2.1. Discrete groups. The notation we are going to use for partial actions in C*-algebras is C*-the same we used before, except for the fact that it will be preceded by "C*-" (see the Introduction). This is done for two reasons, to stress the difference with the purely algebraic situation and because there will be some situations where we want to think partial actions on C*-algebras in the purely algebraic and C*-algebraic case, simultaneously.
Almost by definition, every C*-enveloping pair "contains" an enveloping pair with trivial annihilator. Indeed, if (µ, β) is a C*-enveloping pair for α, considering γ as the restriction of β to β[µ(A)], (µ, γ) is an enveloping pair with trivial annihilator.
As C*-algebras have trivial annihilator, C*-partial action have, up to equivalence, one enveloping pair with trivial annihilator 1 (Corollary 1.8). This agrees with the fact that C*-enveloping pairs are unique up to C*-isomorphism [1] .
In fact, it will follow that a C*-partial action has a C*-enveloping pair iff it has an enveloping pair.
Remark 2.1. If α is a partial action of G on the C*-algebra A and it has an enveloping pair, then for every a, b ∈ A, t ∈ G and approximate unit (u i ) of
Proof. Assume (µ, β) is an enveloping pair of α. Consider the elements and the approximate unit of the statement. The element
This simple Remark is the key idea, it gives the necessary and sufficient condition for the existence of enveloping and C*-enveloping actions.
Definition 2.2.
A partial action on a C*-algebra has property (NS) if is satisfies the thesis of the previous Remark.
Remark 2.3. A partial action α has property (NS) if and only if it has property
(NS') There are subsets D 1 , D 2 ⊂ A, both spanning dense subspaces of A, such that for every a ∈ D 1 and b ∈ D 2 and t ∈ G there is an approximate unit
Proof. It is clear that (NS) implies (NS')
. Conversely, take a ∈ D 1 , b ∈ D 2 t ∈ G and (u i ) an approximate unit as before. If (v j ) is another approximate unit of A t −1 then lim
This implies the limit exists for every approximate unit and is independent of if. If we have finite linear combinations a = i λ i a i and b = µ j b j (a i ∈ D 1 and b j ∈ D 2 ) then, for any approximate unit (u i ) of A t −1 (α t (u i a)b) is a convergent net because is a linear combination of convergent nets.
Besides, if we have sequences (a n ) n ⊂ span D 1 and (b n ) n ⊂ span D 2 converging to a and b, respectively, and (u i ) is an approximate unit of A t −1 then
2 a − a n b + 2 a n b n − b + α t (u i a n )b n − α t (u j a n )b n .
The previous inequality implies (α t (u i a)b) is a Cauchy net and, so, has a limit point.
To clarify the exposition we group several computations in the next Lemma.
Lemma 2.4. If α is a C*-partial action of G on A and (F t : A × A → A t ) t∈G is a family of functions, then this is an enveloping family of functions for α iff (I') Each F t is linear on both variables and F e is the product of A. (II') for every a, b, c ∈ A and s, t ∈ G
Proof. The direct implication is almost immediate, we just have to prove the first equality in (II'). To do that use Theorem 1.10 and the computations in Remark 2.1. For the converse note that the second equality in (II) and (V), of Definition 1.9, follows immediately form (II') and (III').
From the previous implications and (II'), (III) follows by computing
Under the hypothesis of (V), by (I'), ab = 0 for all b ∈ A, thus a = 0. Finally, for a, b ∈ A and t ∈ G as in (VI), taking s = e we conclude that ac = F t (b, c) ∈ A t for all c ∈ A. This forces a ∈ A t . Theorem 2.5. For a C*-partial action α the following statements are equivalent:
(1) α has a C*-enveloping pair. Proof. The equivalence between (2) and (3) is the content of Theorem 1.10. Besides, it is immediate that (1) ⇒ (2) ⇒ (4), and (4) ⇒ (5) is the content of Remark 2.1. Now all we have to prove is (5) ⇒ (1). Basically, what we are going to do is to construct an enveloping pair from an enveloping family and form there the C*-enveloping action. Remark 2.1 indicates how to define the family of enveloping functions. Given a, b ∈ A, t ∈ G, c ∈ A t and an approximate unit (u i ) we have that
This uniquely determines the limit and implies it is independent of the approximate unit. This allows us to define F t : A × A → A t as F t (a, b) = lim i α t (u i a)b. Now we prove that (F t ) t∈G is a family of enveloping functions using Lemma 2.4.
For convenience (u t i ) will denote an approximate unit of A t . We are not assuming the index set is the same for different t. We start by proving
The second equality of (II') follows directly form the definition of F t . In the third one both sides of the equation are limit of nets in A t ∩ A ts , so it suffices to show that dF t (F s (a, b) 
The last equality in (II') hold because
In (III') the elements of both sides of the equality belong to A st ∩A s so it suffices to show that
We have proved α has a family of enveloping functions. Let µ : A → B and β be as in the proof of Theorem 1.10 and F B(G, A) the C*-algebra of bounded functions from G to A with point wise multiplication and the supremum norm.
The algebra F B(G, A) is invariant for λ : G → F (G, A). This gives a natural action γ, in the context of C*-algebras, of G on M (F B(G, A) ) defined by the same formula as Ad.
Consider the algebra Inv(F B(G, A)) formed by all the multipliers T of F (G, A) such that T F B(G, A) ⊂ F B(G, A) and F B(G, A)T ⊂ F B(G, A). This algebra is invariant for Ad : G → M (F (G, A) ) and contains B because it contains µ(A).
The restriction map res : ) ) is a morphism from Ad to γ. This implies µ := res • µ : α → γ is a morphism. It is also injective and a * −homomorphism (this follows from direct computations).
Let A e be the closure of γ[µ(A)] and α e be the restriction of γ to A e . We claim that (µ, α e ) is a C*-enveloping pair of α. Indeed, µ is an injective morphism of C*-partial action and the orbit of µ(A) is dense in A e .
This completes the proof.
Continuous partial actions.
In this, the last section, we consider the problem of finding an enveloping action of a continuous partial action of a locally compact and Hausdorff (LCH) group on a C*-algebra. In virtue of Theorem 2.1 of [1] this is action will be unique up to isomorphisms, this fact is implicit in the next arguments.
If G is a LCH group, G d will be the same group but with the discrete topology.
is continuous with the topology relative to G × A. Here we do not require the continuity of the family {A t } t∈G because that is a necessary condition for the existence of an enveloping action. This notation is coherent with the one we used for discrete group. To emphasize the difference with the previous situation, we will write α d when we are speaking of α as a partial action of G d .
Rephrasing the definition of enveloping actions given by F. Abadie in [1] we get that an enveloping pair of α is a pair (µ, β) where β is a C*-global action of G and (µ, β d ) is a C*-enveloping pair 2 of α d . Thus, every C*-enveloping pair of α is a C*-enveloping pair of α d .
This says that α has an enveloping pair if and only if α d has an enveloping pair (µ, β) with β continuous
3
. But we have a description of (µ, β), the one in Theorem 2.5, so we have to find a way to say β is continuous without mentioning β.
The continuity of β, in the sense of equation (2), is equivalent to the continuity in the identity element e ∈ G of the function G → B, t → β t (µ(a)), for every a ∈ A. We have that
Theorem 2.6. Let α be a C*-partial action of a LCH group G on a C*-algebra A. Then α has a C*-enveloping pair (that is, has an enveloping action in the sense of Proof. This follows from the previous discussion. By condition (1) and Theorem 2.5 α d has an enveloping pair (µ, β) and (2) says β is continuous. For the converse assume α has a C*-enveloping pair, thus α d has a C*-enveloping pair and so has property (NS). By uniqueness this enveloping pair is isomorphic to the enveloping pair of α d constructed in Theorem 2.5 and this pair is continuous, thus (2) holds.
The algebraic version of the next result is due to Dokuchaev and Exel [2] . Corollary 2.7. Suppose α = ({A t } t∈G , {α t } t∈G ) is a C*-partial action a LCH group G on a C*-algebra A. Then α has a C*-enveloping pair (i.e. an enveloping action) if and only if each A t is unital (with unit named 1 t ) and the function G → A, t → 1 t , is continuous in the identity of G.
Moreover, if {A t } t∈G is a continuous family of ideals then α has an enveloping action if and only if each A t is unital.
Proof. If α has a C*-enveloping action β, where β acts in B, then 1 A β t (1 A ) is the unit of A t and clearly t → 1 A β t (1 A ) is continuous.
Reciprocally, α d satisfies property (NS) because for each t we may choose the approximate unit with constant value 1 t and there is no limit to consider. In this situation we have F t (a, b) = α t (1 t −1 a)b, thus F rt (a, b) − F r (a, b) = (α rt (1 t −1 r −1 a) − α r (1 r −1 a) ) b, and the supremum in the previous Theorem is sup r∈G α rt (1 t −1 r −1 a) − α r (1 r −1 a) .
To give an upper bound to that supremum we need the following facts: 1 t commute with every element of A, 1 s 1 t is the unit of A s ∩ A t , 1 t + 1 s − 1 s 1 t is the identity of A t + A s , 1 t + 1 s − 1 s 1 t ≤ 1 t + 1 s and α t (1 t −1 1 s ) = 1 t 1 ts . All this is used to deduce that The first summand in the last line is α rt (1 t −1 r −1 a) − α rt (1 t −1 r −1 α t −1 (1 t a)) ≤ a − α t −1 (1 t a) , and the second one is α r (1 r −1 a) − α r (1 r −1 α t (1 t −1 a)) ≤ a − α t (1 t −1 a) .
Thus, for every r ∈ G, we have α rt (1 t −1 r −1 a) − α r (1 r −1 a) 2 ≤ 2 a ( a − α t −1 (1 t a)) + a − α t (1 t −1 a) ) .
This, together with the continuity of α and t → 1 t (in the identity) implies lim t→e sup{ F rt (a, b) − F r (a, b) : b ≤ 1, r ∈ G} = 0.
Assume {A t } t∈G is a continuous family of ideals. We only have to prove the continuity of t → 1 t in the identity of G. To do that notice the set of invertible elements of A is an open set containing e. Thus there is a neighborhood V of e such that A t contains invertible elements if t ∈ V. Thus the function t → 1 t is continuous in e because is constant in V.
